Automated derivation of several
geometry theorems from a given one
(with Maple's help)

/. Kovacs (Private University College of Education

of the Diocese of Linz, Austria),
T. Recio, M. P. Vélez (U. Nebrija, Madrid, Spain)




GEOGEBRA DISCOVERY

e Fork version of GeoGebra with expanded automated reasoning
features

e Different versions, available off and online, on different
operating systems and devices

e Relation, Prove, Discover, ShowProof, LocusEquation, etc

e CAS view as Maple to Clipboard

https://github.com/kovzol/geogebra-discovery?tab=readme-ov-file
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Given an equilateral triangle, the altitude from a vertex divides the
opposite side in two equal segments.

'@ @ GeoGebra Discovery 5
A .', | p 4 a=2

DR SCEENEE

|~ Algebra X » CAS X~ Graphics

iy [fr~ 1 | Let A, B be arbitrary points.

® A =(-2.06, 1.249) |

® B=(1.22,1) 2 | Let poll be the regular 3-gon with vertices A, B, C.

® f =SegmentA, B |

® poll = Polygon(A, B, 3) 3 | Letf be the segment A, B.

|® i = Line through C perpendicular to f

|® D = Intersection of i and f 4 | Leti be the line through C perpendicular to f.

® j=SegmentA,D 1

® k = SegmentD, B 5 | Let D be the intersection of i and f.

6 | Letj be the segment A, D.

7 | Let k be the segment D, B.

8 | Prove thatj < k.

9 | The statement is true under some non-degeneracy conditions (see below).

10 | Let free point A be denoted by (v1,v2).

11 | Let free point B be denoted by (v3,v4).

12 | Considering definition poll = Polygon(A, B, 3):

“«

Input:
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new theorems.ggb

— 15 7 . et y] oie
El=~ v 20N = xf 2 @
]
~ Algebra X/ » CAS X| ~ Graphics I
SN IERA W 21 | Let dependent point C be denoted by (v11,v12). L AjicT
® A =(-2.06,1.24)
® B =(1.16, 2.18) e5:=1+2*v9=0
® f =SegmentA, B 22
® poll = Polygon(A, B, 3) - eb:2v9+1=0
® i = Line through C perpendicular to f
® D = Intersection of i and f €6:=-1+v9A2+v10A2=0
® j=SegmentA,D 23 A 5
® k = Segment D, B - e6:v10°+v9"—1=0
e7:=v3-v1*v9+v3*v9+v2*v10-v4*v10-v11=0
24
— efl: —vlv9+4+vi0Ov2 —vl0v4 4+v3v9 —vlil4+v3=0
e8:=v4-v2*v9+v4*v9-v1*v10+v3*v10-v12=0
25
— e8: —vlvl0+vi0Ov3 —v2v9+4v4v9 —vi24+v4 =0
26 | Considering definition i = PerpendicularLine(C, f):
27 | Object i introduces the following extra variables:
28 | v13: x value of an implicitly introduced second point for orthogonal line at C
29 | v14: yvalue of an implicitly introduced second point for orthogonal line at C
e9:=-v1+v3+v12-v14=0
30
— e9: —vl1+vl12—v14+4+v3=0
el0:=v2-v4+v11l-v13=0
31
— el0: vll —vl134+v2—-v4d =0
32 | Considering definition D = Intersect(i, f):
33 | Let dependent point D be denoted by (v15,v16).
ell:=v12*v13-v11*v14-v12*v15+4+v14*v15+v11*v16-v13*v16=0
34

Input:

— ell: —v11v14 4 v11 v16 4 v12 v13 — v12 v15 — v13 vl16 + vl1d v
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[=] = v &% @0 ™y f o & >
~ Algebra Xl » cAs X| ~ Graphics ]
Sib R rAd 46 | WA=1v3=0,y2=0,v1=0} [T Talc~
® A =(-2.06,1.24) .
® B = (1.16, 2.18) - {v4=1,v3=0,v2=0,vl =0}
® f =SegmentA, B
® poll = Polygon(A, B, 3) 47 | The statement requires some conditions:
® i = Line through C perpendicular to f
® D = Intersection of i and f 48 | ¢ A and B are not equal
® j=SegmentA, D
® k = Segment D, B 49 | All hypotheses and the negated thesis after substitutions:
s1:14+2*v5=0
50
- s1:2v64+1=0
s2:-1+V5A2+v6A2=0
51 ) )
- s2:vb °4+v6°—1=0
s3:-v6-v7=0
52
— 83: —v6—v7 =0
s4:1+v5-v8=0
53
- s4:v6—v8+1=0
s5:1+2*v9=0
54
- s5:2v04+1=0
$6:-1+Vv9A2+v10A2=0
55 ) )
- sb6:vl10°4+v9°—1=0
s7:-v10-v11=0
56
- s7: —v10 —vll =0
s8:1+v9-v12=0
57
— s8: —v124Vv04+1=0

Input: @ |
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s5:1+2*v9=0
54

- s5:2v94+1=0

55

$6:-1+Vv9A2+v10A2=0

- s6: v1024+v92_1=0

56

s7:-v10-v11=0
— sf: —v10 —vl1l =0

57

s8:1+v9-v12=0
- s8: —vl124+v04+1=0

58

s9:v12-v14=0
- s9:v12—-v14=0

59

s10:-1+v11-v13=0
— s10: vll —v13—-1=0

60

s11:v12*v13-v11*v14-v12*v15+v14*v15+v11*v16-v13*v16=0
— sl1: —v11 v14 4+ v11 v16 4+ v12v13 —v12v15 —v13 vl6+v14vl15 =0

61

s12:-v15=0
— s12: —vl5 =0

62

s13:-1-v17+2*v16*v17=0
— s13:2v16vl7 —vl7—-1=0

63

Now we consider the following equation:

64

$1*(0)+s2*(0)+s3*(0)+s4*(0)+s5*(v11*v17-v13*v17+v15*v17)+s6*(0)+s7*(0)+s8*(-2*v11*v17+2*v13*v17-2*v15*v17)+s9*(-2*v11*v17)+s10*(-2*v16*v17+v17)+s11*(2*v17)+s12*(2*v14*v17-v17)+s13*(-1

; Input:




1723x915

= v 5 )y x= x= f A & .
o

— sl11: —v11 v14 4 v11 v16 4+ v12 v13 — v12v15 — v13 v16 4+ v14vl15 =0
s12:-v15=0

o1 - s12: —v15 =0
s13:-1-v17+2*v16*v17=0

02 — s13:2v16vl7—vl7—-1=0

63 | Now we consider the following equation:

64 | S1*(0)+52*(0)+s3*(0)+s4*(0)+s5*(v11*v17-v13*v17+v15*v17)+56*(0)+s7*(0)+58*(-2*v11*v17+2*v13*v17-2*v15*v17)+s9*(-2*v11*Vv17)+s10*(-2*v16*v17+v17)+511*(2*v17)+s12*(2*v14*v17-v17)+513*(-1)
- 1=0

65 | Contradiction! This proves the original statement.

66 | The statement has a difficulty of degree 2.

67

68

69

70

71

72

73

74

75 ||

Input:




sb:=1+(2*v9)=0;
s6:=-1+v9"(2) +v10"(2) = 0;
s7:=(-v10) -v11 = 0;
s8:=1+v9-v12=0;
s9:=v12-v14 =0;
$s10:=-1+v11-v13=0;

s11:=(v12*v13)-(v11*v14)-(v12*v15) + (v14 *v15) + (v11 *v16) - (v13 *v16) =
O;

s12:=(-v15) =0;

$s13:=-1-v17+((2*v16) *v17)=0;

>expand((s5 * ((v11*v17) - (v13*v17) + (v15 * v17))) + (86 0) + (s7 * 0) + (s8 * (((-
2 v11) *v17) +((2*v13) *v17) - (2 * v15) * V7)) + (89 * (-2 “v11) *v17)) + (s10 *
(-2 *v16) * v17) +v17)) + (s11* (2 *v17)) + (812 * (((2 * v14) * v17) -v17)) + (s13 *
(-1));

1=0



Thesis:(-1+2*v16=0), thatis s13:=-1+thesis*v17=0

Therefore, substituting v17 by 1/thesis, yields s13 identically zero. Next, we
forget s13 and multiply the resulting expression by (-1+2*v16) to eliminate

denominators, bearing in mind that the result will be equal to 1 multiplied by
(-1+2*v16) , ie. the thesis itself :

> simplify((s5 - 2*s8 - 2*s9)*v11 + (v15 - v13)*sb + (-2*v15 + 2*v13)*s8 + (-
2*v16 +1)*s10 +s12*(2*v14 - 1) + 2*s11);

-1+2v16=0

(v11 +v15-v13)*sb + (-2*v11 - 2*v15 + 2*v13)*s8 - 2*s9*v11 + (-2*v16 +
1)*s10 + 2*s11 + (2*v14 - 1)*s12 - thesis =0



Derivation 1

Since hypotheses s6 and s7 have 0 as polynomial multiplier in the
above identity, we could say that we do NOT need to consider C as the
rotation by 120 degrees of the symmetrical of A with respect to B, but
just leave x-coordinate of C (v11) free, and place the y-coordinate v12
so that ABC is isosceles (s8: v12=1+v9=1/2).

(v11 +v15-v13)*sb + (-2*v11 - 2*v15 + 2*v13)*s8 - 2*s9*v11 + (-2*v16
+1)*s10 + 2*s11 + (2*v14 - 1)*s12 - thesis =0

In summary, we have derived the fact that the feet of the perpendicular
from C to AB is the mid of AB holds also for isosceles triangles at C.



Derivation 2

(v11 +v15-v13)*s5 + (-2*v11 - 2*v15 + 2*v13)*s8 - 2*s9*v11 + (-2*v16 +
1)*s10 + 2*s11 + (2*v14 - 1)*s12 - thesis = 0;

In particular, this implies

(V11 +v15-v13)*sb + (-2*v11 - 2*v15 + 2*v13)*s8 - 2*s9*v11 + (-2*v16 +
1)*s10 + 2*s11 - thesis = (1 - 2*v14)*s12;

Thus, we have the following new statement (obvious since s5,s8,s9 imply
(1-2*v14)=0)

Hypotheses: {s5, s8, s9, s10, s11, thesis} =>(1-2v14)=0 or s12 (v15=0)



Statement: given three points A, B, C, the line joining the midpoints D, E of
AB and AC is parallel to line BC

new 1.ggb
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~ Algebra = [X| » CAS X| ~ Graphics X
=TI 1 | LetA, B, C be arbitrary points. L AT of

® A=(-1.86,3.42)

® B =(-1.58,0.06) 2 Let D be the midpoint of A, B.

® C=(1.28,1.12)

® D = Midpoint of A, B 3 | Let E be the midpoint of A, C.

® E = Midpoint of A, C

® f=LineB, C 4 | Letf be the line B, C.

® g =LineD, E

5 Let g be the line D, E.

6 Prove that AreParallel(f, g).

7 | The statement is true under some non-degeneracy cc

8 | We prove this by contradiction.

9 Let free point A be denoted by (v1,v2).

10 | Let free point B be denoted by (v3,v4).

11 | Let free point C be denoted by (v5,v6).

12 | Considering definition D = Midpoint(A, B):

13 | Let dependent point D be denoted by (v7,v8).

el:=-vl-v3+2*v7=0
— el: —vl —v3+2vi=0

14

e2:=-v2-v4+2*v8=0
15

Y
v

Input:



Derivation 3

A(0,0), B(0,1), C(v5,v6), D(v7,v8), E(vO,v10)

s1:=(2*v7)=0;s 2:=-1+(2*v8)=0; D midpoint AB

s3:=(-v5) + (2 *v9) = 0; s4:=(-v6) + (2 *v10) = 0; E midpoint AC

Thesis (parallelism BC//DE)=: -v10*v5 + v5*v8 - v6*v7 + v6*v9 +v7 -v9 =0

Thesis=(-v10 + 1/2)*s1 + v9*s2 + (-v8 + v10)*s3 + (V7 - v9)*s4

Now consider s1, s3,s4, Thesis as hypotheses and s2 as new thesis



Assume s3 and s4 (ie. E midpoint AC) and s1 (first coordinate of D is O,
namely: D is aligned with A, B (since both have first coordinate= 0);

equivalently: first coordinate of the D coincides with the first coordinate of
the midpoint of AB.

Then, by s3, Cis not alighed with A, B iff v5is not zero iff v9 is not zero iff E is
not aligned with A, B, so we can state a new theorems as follows

If E is the mid point of AC and D is alighed with A, B, and BC is parallel to DE,
then, if C is not aligned with A, B (v9 not zero equiv. v5 not zero) D is the
midpoint of AB (ie. s2=0, since s1=0is already true as D is aligned with A, B).

s2=(1/v9)*(thesis (parallelism BC/DE)- ((-v10 + 1/2)*s1 +(-v8 + v10)*s3 + (V7 -
v9)*s4))

It is a sort of converse of the midpoint Thales theorem that was the original
statement.
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® A=(-1.86,3.42) - O |4
® B =(-1.58,0.06)

® C=(1.28,1.12)

® f:3.36x + 0.28y = -5.29

® D=(-1.77,2.3)

® E =(-0.29, 2.27)

® g:0.03x + 1.48y = 3.34

® h:-1.06x + 2.86y = 1.85

® eql: 500x% + 1720x + 500y? - 1740y = -299

A
v

Input: eql: LocusEquation(AreParallel(g, h), D)




Derivation 4

Another statement, now take s1 as thesis (D has first coordinate as
midpoint of AB, or D is aligned with AB)

(-v10 + 1/2)*s1=Thesis (parallelism BC//DE)-(v9*s2 + (-v8 + v10)*s3 + (V7 -
v9)*s4)

Statement: if BC is parallel to DE and second coordinate of D is mid of
AB, and E is mid AC and second coordinate of E is nhot mid ABthen D is
aligned with AB.

High complexity.
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® a=2

%' .Ava/%bv@v@v&vxv—.—v‘%.v ir
~ Algebra X~ Graphics X
Eli=v | fev ] [~ | .~ v | J]
® A =(-2.06,4.54) g
® B =(-1.86, -0.06)
® C=(2.08,0.86)
® f=LineB, C A
® g =LineA,B

F = Midpoint of A, B
® h = Line through F perpendicular to g
® E = Midpointof A, C
® D = Pointon h
® i =LineD,E eql D
® eql = LocusEquation(AreParallel(i, f), D) 7,

/

Input:

e

O T T Y R T R T



We can not find directly the complexity of this new statement with
GGDiscovery, since we can not construct the statement without

placing D in the line AB. So we can do some turnaround and translate
this statement as follows:

We construct a free point G on line BC and a midpoint H of AG. Then
the line j= EH will be always parallel to BC. Now we request that H has
also second coordinate as the midpoint of AB, so H must be in the
line h, perpendicular to AB through its mid point F. So, the hypotheses
implies that our point D must be in the intersection of h and j (point |).
And the thesis is that then A, B, and | are collinear.



[ XON ) newnew.ggb

5] (A 17 O [ [ [0 <) [N 2] (] o

~ Algebra = [X] » CAS x|~ Graphics X]
[El[E~]f~] 1 | Let A, B, C be arbitrary points. L M EACSARIFY
® A=(-1.58,4.56) g

® B =(-1.86, -0.06) 2 Let f be the line B, C.

'® C=(2.08,0.86)

® f=LineB,C 3 | Let g be the line A, B. 'S

® g =LineA,B

'~ F = Midpointof A, B 4 | LetF be the midpoint of A, B.

® h = Line through F perpendicular to g

'® E = Midpoint of A, C 5 | Let h be the line through F perpendicular to g.

" D =Pointon h

® i=LineD,E 6 | Let E be the midpoint of A, C.

| eql = LocusEquation(AreParallel(i, f), D)
'® G = Pointon f 7 | Let G be a point on f.
'® H = Midpoint of A, G

'® j=LineE, H

'® | = Intersection of h and j

8 | Let H be the midpoint of A, G.

9 Let j be the line E, H.

10 | Let | be the intersection of h and j.

‘ 11 | Prove that AreCollinear(A, B, I).

12 | The statement is true under some non-degeneracy conditions (see belo

10 Wa nrava thic hu rantradictian

4k
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5 15 7 ()i |
1 — —1 X= X = |
NVARRAR (B R ff o & .
[~ Algebra = X » CAS X+ Graphics S|
| F=T]: - . ] 4
=" S $9:-v14+2*v16=0 L Diayc t
|® A =(-1.58,4.56) 63 9
|/® B =(-1.86, -0.06) - §9: —v144+2v16 =0
® C=(2.08,0.86)
f = LineB, C s10:v8*v9-v7*v10-v8*v17+v10*v17+v7*v18-v9*v18=0
'® g =LineA,B 64
|* F = Midpoint of A, B — s10: v10v17 — v10v7 —v17 v8 4+ v18 v7 — v18 v9 4 v8 v9 =
1® h = Line through F perpendicular to g
{® E = Midpoint of A, C s11:-v12*v15+v11*v16+v12*v17-v16*v17-v11*v18+v15*v18=0
| D = Pointon h % | L §11: v11v16 — vi1v18 — vi2 V15 + vI2 vI7 + v15 V18 — v1i
,® i=LineD,E
o Sa1 > LocusEquation(AreParallel(l D, ) $12:-1-v4*v17*v19+v3*v18*v19=0
[ T 66
® H = Midpoint of A, G — s12: —v17v19v4 4 v18v19v3 —1=0
'® j=LineE,H
|@ | = Intersection of h and j 67 | Now we consider the following equation:
: 68 | S1*(v19A2*v20A2*v10*v16*v13*v18*v5A2*v3A3-1/2*%v19A2*v20A2*v10

69 | GeoGebra cannot check that this is equivalent to 1=0, but it can be calc

Contradiction! This proves the original statement.

[
¢
i 70
|
1

71 | The statement has a difficulty of degree 13. o

|
i Input:

)%

“




Ongoing work.

e Surprising. Hypotheses imply thesis, thesis imply hypotheses?

e Maple is ABSOLUTELY needed to explore and interpret

e Difficult to interpret geometrically

e Some results obtained are simple, some are complex, some are
obvious, some are interesting.

Maple file pdf available here
https://www.dropbox.com/scl/fi/lyaabv5t2crgy986ce9hsv/Automated-
derivation-1-copia.pdf?rlkey=0u06edr3dmjfvbuwlwejissyp&d|=0



https://www.dropbox.com/scl/fi/yaa6v5t2crgy986ce9hsv/Automated-derivation-1-copia.pdf?rlkey=0u06edr3dmjfvbuwlwejissyp&dl=0
https://www.dropbox.com/scl/fi/yaa6v5t2crgy986ce9hsv/Automated-derivation-1-copia.pdf?rlkey=0u06edr3dmjfvbuwlwejissyp&dl=0
https://www.dropbox.com/scl/fi/yaa6v5t2crgy986ce9hsv/Automated-derivation-1-copia.pdf?rlkey=0u06edr3dmjfvbuwlwejissyp&dl=0
https://www.dropbox.com/scl/fi/yaa6v5t2crgy986ce9hsv/Automated-derivation-1-copia.pdf?rlkey=0u06edr3dmjfvbuwlwejissyp&dl=0
https://www.dropbox.com/scl/fi/yaa6v5t2crgy986ce9hsv/Automated-derivation-1-copia.pdf?rlkey=0u06edr3dmjfvbuwlwejissyp&dl=0
https://www.dropbox.com/scl/fi/yaa6v5t2crgy986ce9hsv/Automated-derivation-1-copia.pdf?rlkey=0u06edr3dmjfvbuwlwejissyp&dl=0
https://www.dropbox.com/scl/fi/yaa6v5t2crgy986ce9hsv/Automated-derivation-1-copia.pdf?rlkey=0u06edr3dmjfvbuwlwejissyp&dl=0
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