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Motivation

The problem of detecting the collisions or overlap of two

moving conics/quadrics is of interest to robotics, CAD/CAM,
computational physics, computer animation, computer vision,
..., Where conics/quadrics are often used for modelling (or

enclosing) the shape of the considered objects.

But, we do not want to compute the intersection points since

we are sampling many conics/quaderics ... .
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The problem

There is no real numbers x and y such that:

a0T® + a112y + agay” + a10x + apry + ago < 0
boox? + b11xy + bo2y® + biox + bo1y + bop < 0
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Quantifier Elimination

reR z°+bxr+c=0 b2 — de > 0

There are no real numbers x and y such that:

a20T° + a117y + agay? + a10r + apry + agp < 0

boox? + b112y + bo2y? + biox + bo1y + bog < 0

Such a formula exists and there Is an
algorithm computing it but ...
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Quantifier Elimination

Quantifier Elimination:

_ Formula existence & algorithm.
_ Tarski (1951), Seiderberg (1954), Cohen (1969),

Kreisel&Krivine (1971), Collins (1976), Hormander

(1983), ... .
_ General algorithms very far from applicable in

practice but ... .

Saugata Basu

The underlying theory:
_ Semialgebraic sets Algorithms in
. Real Algebraic

_ Real Algebraic Geometry Geometry
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Interference analysis & QE

Geometric configurations for

2 2 _
a20r” + a11xy + ap2y” + aror + ap1y + apgp = 0

b20$2 + b1y + 5022/2 + b10x + b1y + bgp = 0

Problem at hand:

_ Looking for the simplest formula in the coefficients of the
considered conics certifying each potential geometric configuration.

 To be used when the coefficients depend on parameters.

< No computation at all of the intersection points.
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OUTLINE

¢ Motivation.
¢ The case of two coplanar ellipses.
¢ Interference analysis for general conics.

& Conclusions.
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ON THE ELLIPSES
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The Problem at hand

Goal (first version):
Given two ellipses in 2D, to derive a closed

formulae In terms of the coefficients of their
defining equations or matrices characterising
when they are separated (ie when there exists a

line separating them).
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Interference analysis for ellipses

The classical theory:

2 )
a11x” + ay” + 2a122Yy + 20137 + 2a23y + azz = 0

T ailp a2 CL13\
($ Yy 1) A Yy =0 with A= ai1o2 A922 A923
1 a13 Q23 33 )

Given two conics A : X1 AX = 0 and B : X' BX = 0, their
characteristic polynomial is defined by

\ f(\) = det(AA + B) = a\’ + bA* + c) + d\

which is a cubic polynomial in A with real coefficients.

W. Wang, J. Wang, M.-S. Kim: An algebraic condition for the separation of two ellipsoids. Computer

Aided Geometric Design 18, 531-539, 2001.



f(\) := det(AA + B)

Let A and B be two ellipses with characteristic polynomial f(\).
Then:

(1) The product of the three roots of the characteristic polyno-
mial is negative.

The characteristic polynomial f(\) has always, at least, one
negative real root, and f(0) # 0.

The characteristic polynomial f(\) has two distinct positive
real roots if and only if the two ellipses are separated by a
line (case 3).

The characteristic polynomial f(A) = 0 has a positive double
root if and only if the two ellipses touch each other externally
(case 6).

A and B have a common interior point if and only if all

the real roots of the characteristic polynomial f(\) are not
positive (cases 1, 2,4, 5,7, 8,9 and 10).

W. Wang, J. Wang, M.-S. Kim: An algebraic condition for the separation of two ellipsoids. Computer

Aided Geometric Design 18, 531-539, 2001.



Interference analysis for ellipses

Is the characteristic polynomial enough?

A natural question:
Does the sign of the real roots of the
characteristic polynomial characterise (all)
the different relative positions of two
ellipses?

F. Etayo, L. Gonzalez-Vega, N. Del Rio: A new solution characterising the relative solution of two

ellipses. Computer Aided Geometric Design, 23, 324-350, 2006.



November 202

Type of pencils (P»(R))

Relative position

Degenerate conics

Roots of f(A)

i - -_-.:\

«__ >
I (no empty conics) 1 e 3 pairs of real lines a<G<y<
O
Ia (with empty conics) | 3 — 1 pair of real lines and 2 pairs | a <0< 8<%
of imaginary lines
=
4 S 1 pair of real lines and 2 pairs | a < G <y <0
of imaginary lines
C ~
Ib 2 S 1 pair of real lines a<0:5,8cC
S
11 5 — 2 pairs of real lines a<0:8.3<0
CCDO
1la 7 1 pair of real lines and 1 pair | a<0:53.3<0
of imaginary lines
";_). e
VM ety
6 1 pair of real lines and 1 pair | a<0< 3,3
of imaginary lines
{(p
111 8 1 pair of real parallel linesand | a<0:3,3 <0
1 double real line
11la 4 — 1 pair of imaginary lines and | a<0:3,3 <0
1 double real line
>
v 9 1 pair of real lines o, o, < ()
O
\'4 7 — 1 double real line o, o, 0 < ()
P
VI 10 no degenerate conics o, o, < ()

-y ----Iv-v —
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The first solution

Let A: XTAX =0 and B: X1 BX =0 be two ellipses and
f(A) =det(M + B) = X2 +a)\’ +bX + ¢
their characteristic polynomial (once turned monic).

A and B are separated if and only if

a>0, —3b+a*>0, 3ac+ba®—4b*> <0, —27c®+ 18cab+ a*b® —4a’c—4b> >0 or
a<0, —3b+a®>0, —27¢? + 18cab + a’b? — 4a3c — 4b> > 0.

F. Etayo, L. Gonzalez-Vega, N. Del Rio: A new solution characterising the relative solution of two

ellipses. Computer Aided Geometric Design, 23, 324-350, 2006.

. . 18abc + ab* — 27c¢* — 4a’c — 4b° > 0
Separated if and only if
a<0 or b<O0

M. Alberich-Carramifiana, B. Elizalde, F. Thomas: New algebraic conditions for the identification of

the relative position of two coplanar ellipses. Computer Aided Geometric Design 54, 35-48, 2017.
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Interference analysis for ellipses

P(T) = a3T? + aT? + a1T + ag

so = a3 (27a3a3 — 18agaiaza3 + 4agas + 4ajas — aja3)
# 2
02, “1’)/ @
= 2
@par) @ <0 Overlap
=0

@t. tange@

J. Caravantes, G.M. Diaz-Toca, M. Fioravanti, L. Gonzalez-Vega: Solving the interference problem for ellipses and

ellipsoids: new formulae. Journal of Computational and Applied Mathematics 407, 114072, 2022.



Interference analysis for ellipses

Plane-extraction from depth-data using a
Gaussian mixture regression model

Shapes within shapes: How particles
arrange inside a cavity

Astigmatic multipass cell with cylindrical
lens

Velocity obstacle based local collision
avoidance for a holonomic elliptic robot

Constraining new resonant physics with
top spin polarisation information

Bisection-based asymmetric M 1,

computation: a higher precision calculator
than existing symmetric methods

November 2025, Maple 25
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INTERFERENCE
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Interference anal

for co

Ni

Type of pencils (P,(R)) Relative position Degenerate conics Roots of f(A)
I (no empty conics) 1 —~ g 3 pairs of real lines a<f<y<0
la (with empty conics) 3 - - / 1 pair of real lines and 2 pairs | a <0< 3 <7y
| of imaginary lines
4 ¢ = 1 pair of real lines and 2 pairs | a <8<y <0
of imaginary lines
Ib 2 S l 1 pair of real lines a<0;38cC
11 (h:) 2 f real | 0:3,3<0
5 pairs of real lines a<0:8,0<
. e DD | o ot ent o s 1 o | 2<0:8.8<0 F. Etayo, L. Gonzalez-Vega, N. Del Rio: A new solution characterising the
a pair of real lines and 1 pair | a < 0;3,3 < : ’ . ’ v :
I of imaginary lines relative solution of two ellipses. Computer Aided Geometric Design, 23,
6 . 1 pair of real lines and 1 pair | a<0< 3,8 324'350, 2006
of imaginary lines
111 8 ,(\Ul : 1 pair of real parallel linesand | a < 0;3,3 <0
1 double real line
1Ila 4 ~ 2 1 pair of imaginary lines and | @ < 0;3,5 <0
1 double real line A P < 07
o
v 9 1 pair of real lines o, a0 <0 yes 110
<D |
A\ 7 1 double real line o, o 0 <0 Type 2 ll > 0or l2 ~ 07
i 7
V1 10 o no degenerate conics o, a0 <0 Y8 no
Ap > 07 \AP > 0?
res no yy -
d / \ Q(Xe) <0 82 =63 =
A and
Type 3| |Type 7 Ay > 07 \
AW
~es/ \\""’ / Q(Ag) = R(Ag) =
¥ \ o / no
Type 1 Type 4 }// / \
Type 10
: o : . N Ag =07 Q(X,) <07 )\d)<0?
M. Alberich-Carraminana, B. Elizalde, F. Thomas: New algebraic conditions / N\
for the identification of the relative position of two coplanar ellipses. il \ "’7 \ / \
Computer Aided Geometric Design 54, 35-48, 2017. Typéo Ty},e 1] [Typed| [Typo 5| Type 8] [Type 8
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Interference analysis for conics (ellipse and other conic)

Step |.

Circle and Parabola/Hyperbola (in canonical form)
configurations are described in terms of the roots of
the characteristic equation and other parameters.

Step Il. (QE)

Circle and Parabola/Hyperbola configurations are
described in terms of the coefficients of the
characteristic equation and other parameters.

Step Ill. (QE & inverting the affine transformation)
Ellipse and Parabola/Hyperbola configurations are
described in terms of the coefficients of the
characteristic equation of the Ellipse and the
Parabola/Hyperbola.
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Interference analysis for conics: parabola & ellipse

Parabola NV, defined by YNX*t = 0.
Circle M of radius §, defined by YMX* = 0.

a?% 0 0 1 0 — X,

N=| 0 0 -1]|, M= 0 1 —Ye
0 -1 0  —Xc —Yc —0% 4+ X2 + yc? ]
X =|[xyl]
The characteristic equation of N and M is
f(A) =det(AN + M) = X + aX® + o) + cs.

Let A be the discriminant of f(\):

—27C()2C32 + 18¢cgcicrc3 — 4C()C23 — 4C13C3 + C12C22

CUNEF
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Interference analysis for conics: parabola & ellipse

1. M and N are separated iff f(A\) = 0 has two distinct positive roots.

2. M and N are externally tangent iff f(A\) =0 has a positive double root.
M 6, (X Y,)
C7C 18 M s inside N iff f(A) = 0 has three distinct negative roots, two of which are not less

%2 than —a® and one root belongs to (—oo, —a?), or three roots are —a?, —a?, —8%/a® when
N — = 2y 0 a2 > 4.

4. M and N have only two intersection points iff f(\) =0 has two imaginary roots.

5. M and N have four points of intersection iff f(\) = O has three distinct negative Toots

which are not greater than —a?.

6. M and N have two points of intersection and an inner tangent point iff f(\) = 0 has
a negative double root different from —a® and the three roots are not greater than —a?,
where a? < 4.

7. M and N have only an inner tangent point iff

e f(\) =0 has a negative double root which is greater than —a?, or,

e —a?® is a triple root of f(A) = 0.

paAo.dwi|

8. M and N have two inner tangent points iff the roots of f(A\) = 0 are —a?,—a*,—6%/a?
where a? < 4.

9. M and N have only an intersection point and an inner tangent point iff f(A) =0 has a

triple root, less than —a?.

Y. Liu, F. Chen: Algebraic Conditions for Classifying the Positional Relationships Between Two Conics

and Their Applications. J. Comput. Sci. Technol., 19, 665-673, 2004.



Interference analysis for conics: parabola & ellipse

Consider the parabola N and the circle M, as above.
1. M and N are separated iff A > 0, and ¢c;1 > 0 or co > 0.
2. M and N are externally tangent iff A =0, and ¢c; > 0 or cy > 0.

3. M s inside N iff either A > 0, ¢1 <0, ¢ < 0, and the number of sign changes in —cy,
¢, —ch, chis 1; or g =0, cy =0, a*? > 6.

4. M and N have only two intersection points iff A < 0.
5. M and N have four points of intersection iff A > 0,c, < 0,c; < 0.

6. M and N have two points of intersection and an inner tangent point iff a®* < 6, A =0,
A" #0, 5 <0,c] <0.

7. M and N have only an inner tangent point iff

o cither A=0,c1 <0,c20<0, c5<0, andcy, >0 orcy>0;
e r A=0,¢<0,c0<0,c5=0,c; >0, ¢, <0.
e orcy=c,=cy=0.
8. M and N have two inner tangent points iff a* < 8, ¢ =0, and ¢, = 0.

9. M and N have only an intersection point and an inner tangent point iff A =0, A’ =0,
¢y <0 and cy <O0.

€ 4 Y2 + XP + X2 = (W + N Y)3eP = (Y)/
P YR+ P+ (P = (8~ X)4 =1 (X)F

M. Chen, X. Hou, X. Qiu: An explicit criterion for the positional relationship of an ellipse and a parabola.

IEEE International Conference on Systems, Man and Cybernetics (SMC 2008), 825-829, 2008.



Interference analysis for conics: parabola & ellipse

- o Consider the parabola N and the circle M, as above.

> g 1. M and N are separated iff A >0, and ¢c1 > 0 or ¢y > 0.

|Q|_ ” 2. M and N are externally tangent iff A =0, and ¢c; > 0 or cy > 0.

& h 3. M is inside N iff either A > 0, ¢; <0, c2 < 0, and the number of sign changes in —cy,
> > ¢, —cy, chis 1; orcy =0, ch =0, a* > 9.

f Ql"m 4. M and N have only two intersection points iff A < 0.

S T 5. M and N have four points of intersection iff A > 0,c, < 0,c; < 0.

Tools used: Maple, Subresultants and
Descartes Law of Signs

e cither A=U,C, <U,c2<U, C<U, and cy, >U orc; > U;

e r A=0,¢<0,c0<0,c5=0,c; >0, ¢, <0.
e orcy=c,=cy=0.
8. M and N have two inner tangent points iff a* < 6, ¢y =0, and ¢, = 0.

9. M and N have only an intersection point and an inner tangent point iff A =0, A’ =0,
¢y <0 and cy <O0.

€ + Y% + ZYIJ
P YR+ X

M. Chen, X. Hou, X. Qiu: An explicit criterion for the positional relationship of an ellipse and a parabola.

IEEE International Conference on Systems, Man and Cybernetics (SMC 2008), 825-829, 2008.



Interference analysis for conics: parabola & ellipse
fA) =detUN+M) = LA° + LA*+ LA+ Ly ...... I, =3L)T? = 2L,TT, + L,T%, ......

T = T,TraceM, 'N,), T, = detM,, T, = detN, ... s =LT-3LT,,......
The relationship between the ellipse M and the parabola N are as follows:

1. M and N are separated iff A > 0 and (L, > 0 or Ly > 0).
2. M and N are externally tangent iff A =0 and (L; > 0 or Ly > 0).

3. M s ZTLSZdBNZﬁ{A>O,L1 <O,L2 <O,I4 >O} 07"{A>O,L1 <O,L2 <O,I5 ZO,I4 <
0,13 < 0}, or {I3 =0,1,=0,15 > O}

4. M and N have only two points of intersection iff A < 0.

5. M and N have four points of intersection iff A > 0, I, < 0 and I5 < 0.

6. M and N have one inner tangent point and two points of intersection points iff I, <

, 0,A=0A"#0,1,<0,I5 <0.
M : ellipse 70l i

N parabola 7. M and N have only one inner tangent point iff {A = 0, L; < 0, Ly, < 0, I3 < 0,
(I4>OOT'I5>O)}, OT{AZO, L1<O, L2<O, I3:O, I5>O, I4<0}, 07’{[320,
.[5 — O, .[4 — O}

8. M and N have only two inner points of tangency points iff Is =0, I, = 0 and I5 < 0.

9. M and N have only an intersection point and an inner tangent point iff A =0, A’ =0,
Is <0 and I5 < 0.

M. Chen, X. Hou, X. Qiu: An explicit criterion for the positional relationship of an ellipse and a parabola.

IEEE International Conference on Systems, Man and Cybernetics (SMC 2008), 825-829, 2008.



Interference analysis for conics: parabola & ellipse
fA) =detUN+M) = LA° + LA*+ LA+ Ly ...... I, =3L)T? = 2L,TT, + L,T%, ......

T = T,TraceM, 'N,), T, = detM,, T, = detN, ... I =LT—-3LT,,......
The relationship between the ellipse M and the parabola N are as follows:

1. M and N are separated iff A >0 and (L, > 0 or Ly > 0).
2. M and N are externally tangent iff A =0 and (L, > 0 or Ly > 0).

8. M is inside N iff {A >0,L; <0,Ly <0,I4, >0} or {A>0,L; <0,Ly <0,I5 >0, <
0,13 < O}, or {13 =0,14,=0,15 > O}

In most cases, we have produced less sign
conditions involving a smaller set of
polynomials.

- o=~ ~ Ty — oy =1 ~—oy =7 <oy =9 oy =g - >y =g DI B (—o <y

1520, 1420}

8. M and N have only two inner points of tangency points iff Is =0, I, = 0 and I5 < 0.

9. M and N have only an intersection point and an inner tangent point iff A =0, A’ =0,
I3 <0 and I5 < 0.

M. Chen, X. Hou, X. Qiu: An explicit criterion for the positional relationship of an ellipse and a parabola.

IEEE International Conference on Systems, Man and Cybernetics (SMC 2008), 825-829, 2008.
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Interference analysis for conics: parabola & ellipse

)N |

f(A) = detUN +M) = LyA° + LA* + LA+ Ly I, =3L,T7 — 2L,TT, + L,T*
/ T = T,Trace(M, 'N,), T) = det M,, T, = detN, Is =L, T—3LyT,
\ 1 2 3l 4

November 2025, Maple 25 E\lll\./’ERNS IEAFD



Interference analysis for conics: hyperbola & ellipse

Hyperbola H : XHXt = 2= — 2 41 = 0 with

H=

2 2
a2  b?
32 0 0

0 —-b2 0|, ab>0

0 0 1

Circle M : XMXt = 0 with

November 2025, Maple 25

1 0 — X,
0 1 —Yc
—Xe —Yc — 52 + Xc2 + }’cz
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Interference analysis for conics: hyperbola & ellipse

1. ‘H and M are separated iff f(A) = 0 has two distinct positive roots equal to or less than
b2,' that is, \1 <0< A < A3 < b2.

2. H and M have only two points of intersection iff f(A) =0 has two imaginary roots.

3. H and M have only an inner tangent point iff f(A\) = 0 has a negative double root greater
than —a? (A < —a® < Ay = A3 < 0), or the three roots are —a®, —bd, —bd with a* > b.

4. H and M have only two inner tangent points iff a®> < bd and the roots of f(\) are —a?,
_gr 0
J a2 *
5. H and M have two points of intersection and an inner tangent point iff f(A\) = 0 has a
negative double root and all roots are less than or equal to —a? with a* < bd. If a Toot is

. —a?, then the three roots are —a?,—bd, —bd.
M 0,(x,,y,.)

6. H and M have only one outer tangent point iff f(A) = 0 has a positive double root which
is less than b%; that is \; <0 < Xy = A3 < b2

2,52
7. H and M have two outer tangent points iff the roots of f(\) = 0 are b2, b?, L0 with

b2
b <.

paAo.dwi|

8. H and M have two points of intersection and an outer tangent point iff f(\) has a positive
double root greater than b2, b> < A\{ = Ay, with b < 4.

9. H and M have four points of intersection iff either f(\) = 0 has three distinct negative
roots which are not greater than —a?, A\; < Ay < A3 < —a?, with a®> < bd or f(\) has two
distinct positive roots not less than b%, Ay < 0 < b?> < Xy < A3 with b < 4.

10. M is inside H iff f(A) = 0 has three distinct negative roots, two of which are not less
than —a?,( A\ < —a? < Ay < A3 <0 or )\ < —a? < X\y < A3 <0), or the three roots are
b25?
—a?®, —a®, —— with a® > bJ.
a
11. M and H have only an intersection point and an inner tangent point iff f(A) =0 has a
triple negative root less than —a?.

Y. Liu, F. Chen: Algebraic Conditions for Classifying the Positional Relationships Between Two Conics

and Their Applications. J. Comput. Sci. Technol., 19, 665-673, 2004.



£+ Y@ + X + (X0 = (W + N X)19pP = (Y)4

November 2025, Maple 25

(2 —=Y)f = (\)b
(2 +Y)f = ()b

D XD+ X+ XD =

0
/

D —

D+ Y ,0+ X5 + (X,

0
7

Interference analysis for conics: hyperbola & ellipse

10.

11.

. ‘H and M are separated iff A > 0, Var(f) = 2, Var(q) = 0.

. H and M have only two points of intersection iff A < 0.

. ‘H and M have only an inner tangent point iff either A = 0, Var(f) = 0, Var(g) = 2

and ay # 0, or ag =0, a5 > 0 and |y.| = b+ 9.

H and M have only two inner tangent points iff a; = 0, a} = 0 and a5 < 0.

. H and M have two points of intersection and an inner tangent point iff

e cither A =0, A’ #0, Var(g) = 0 and a; # 0,
e ora; =0, |y, =b+ 4 and a}, < 0.

. ‘H and M have only one outer tangent point iff A = 0, Var(f) = 2, Var(q) =0, y. # 0.

H and M have two outer tangent points iff aj = 0,a] = 0.

. ‘H and M have two points of intersection and an outer tangent point if A = 0, Var(q) =

2,a5 # 0.

. ‘H and M have four points of intersection iff A > 0 and either Var(g) = 0; or Var(q) > 0.

M is inside H iff Var(f) = 0 and, either A > 0, ay # 0, Var(g) = 2; or A > 0, aj = 0,
aj # 0 and Var(g) > 0; or a; = 0, o} = 0 and a, > 0.

M and H have only an intersection point and an inner tangent point iff A =0, A’ =0,
ap < 0 and a;, < 0.

CUNEF
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Interference analysis for conics: hyperbola & ellipse

RN
RN AR
LI
8’%\5
,r_-i-\/\/-\
>/>/>/
= | +
G
S|

1. H and M are separated iff A > 0, Var(f) = 2, Var(q) = 0.

2. H and M have only two points of intersection iff A < 0.

3. ‘H and M have only an inner tangent point iff either A = 0, Var(f) = 0, Var(g) = 2

and ay # 0, or ag =0, a5 > 0 and |y.| = b+ 9.

4. H and M have only two inner tangent points iff aj = 0, @] = 0 and a}, < 0.

5. H and M have two points of intersection and an inner tangent point iff

e cither A =0, A’ #0, Var(g) = 0 and a; # 0,

Tools used: Maple, Subresultants and

Descartes Law of Signs

G
/

D+ X,

D+ YD+ X
19-|—\(}/

€ + \(Z;) 4 Z\/Ig
0
/
0
/I

o. 711 alld JV1 11avVe LWO DPOILILS Ol IILCISCCLIOL alld all OULeh LallgCIllL POLIL 11 A

2,a5 # 0.

9. ‘H and M have four points of intersection iff A > 0 and either Var(g) = 0; or Var(q) > 0.

10. M is inside H iff Var(f) = 0 and, either A > 0, ay # 0, Var(g) = 2; or A > 0, aj = 0,

a} # 0 and Var(g) > 0; or a; =0, a] =0 and aj > 0.

11. M and H have only an intersection point and an inner tangent point iff A =0, A’ =0,

ap < 0 and a;, < 0.

— U, vaI(\{g) —

November 2025, Maple 25

CUNEF

UNIVERSIDAD



Interference analysis for conics: hyperbola & ellipse

F()\) = det(AN + M) = Lo\* + Li\* + Lo\ + Ls

<t . =
| M ellipse

1. H and M are separated iff A > 0, Var(F) = 2, Var(Lg, K5, K4, K3) = 0. \

2. H and M have only two points of intersection iff A < 0. /// = -/ Ny

3. H and M have only an inner tangent point iff either A = 0, Var(F) = 0, J3 # 0, “ o/

Var(Lg, J5,Js, J3) =2, or J3=0, J, =0, Js=0, or J; =0, J5 =0, Js # 0 and J5 > 0. - AVARN =

4. H and M have only two inner tangent points iff J; =0, Jy =0 and J5 < 0. yal ‘ /

i / o\ . / \ //,/

5. H and M have two points of intersection and an inner tangent point iff either A = 0, T \'\ ya
A’ 7é O, Var(LO, J5, J4, J3) = 0, J3 75 0,’ or A = O, Var(LO, J5, J4) = O, J3 = O, J5 < 0 and 0N\ ) © /,«" (\_\‘_’
J,=0. - /_/ A

6. H and M have only one outer tangent point iff A = 0, Var(F) = 2, \ |\
Var(Ly, K5, K4, K3) =0 and K3 # 0. N \ o

7. H and M have two outer tangent points iff K3 = 0, K4 = 0. 4 g N N

8. H and M have two points of intersection and an outer tangent point if A = 0, ya ‘\‘ 0 (\\
Var(Lo, Ks, K1, K;) = 2, Ky 0. /o AN

9. H and M have four points of intersection iff either A > 0 and Var(Ly, J5, Jy, J3) = 0 or ‘\ .f
A > 0 and Var (Lo, K 5, K 4, K 3) > 0. = (' \\\ \\\ Q0

||
10. M is inside H iff either A > 0, Var(F) =0, J; # 0, Var(Lg, J5, Js, J3) =2 or A > 0, / ‘ \YT\
Var(F) =0, J; =0, J; #0, Var(Ly, Js, Jy) > 0; or Js =0, J; =0, J5 > 0. - \\\\\
11. M and H have only an intersection point and an inner tangent point iff A =0, A’ =0, ( \
J3 <0 and J5 <O0. \\

Z : hyperbola
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Interference analysis for conics: an application

The perspective-three-point problem

\ z? + (1 — a)y? — 2miszy + 2amasy — a = 0,
A \\\(13\ - — by2 — 2mq3x + 2bmozy +1 — b =0,
di_| m, \ where

\g a = |AB/|BOP, b= |ACI*/|BOP,
- i -

T T
mi2 = 1My My, M3 = 114 1IM3, Mo3 = 1M, IM3y.

While the current state-of-the-art solvers are both extremely fast and
stable, there still exist configurations where they break down.

The introduced formulae allow to determine in advance the conics
configuration to deal with in terms of the parameters a, b and m,

J

Y. Ding, J. Yang, V. Larsson, C. Olsson, K. Astrom: Revisiting the P3P Problem. Proceedings of the

IEEE/CVF Conference on Computer Vision and Pattern Recognition (CVPR), 4872-4880, 2023.
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Closed form solutions try to concentrate at the very end
the application of numerical techniques.

Closed form solutions for answering queries about
geometric entities are proven to be an approach with
many applications in very different contexts.

Quantifier Elimination, with the help of Maple, is a useful
tool to derive closed form solutions for quadrics and
conics interference problems.

https://arxiv.org/abs/2505.00706
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Thanks !

laureano.gonzalez@cunef.edu

https://arxiv.org/abs/2505.00706
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